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1. Introduction. 
Let K denote a chain (i.e., a totally ordered set). Then, K has a lattice 
structure (and we denote the lattice operations as "max'' and "min") 
and an order topology. For any topological space X, the set C(X, K) of 
all continuous functions f: X ~ K has a "natural" lattice structure with 
the pointwise-operations v and A induced from the lattice operations of K; 
namely, for each x eX, (/ v g)(x) = max {f(x), g(x)} and (/ A g)(x) = 
=min {f(x), g(x)}. It is known ([1], [2]) that in the study of such function-
lattices we may restrict our attention to topological spaces X that are 
completely regular Hausdorff since, for any spaceY, there is a completely 
regular Hausdorff space X such that O(X, K) and O(Y, K) are lattice 
isomorphic (and, in fact, the isomorphism will preserve any operations 
that are pointwise-defined). Therefore, this paper will be concerned only 
with completely regular Hausdorff spaces. 
We shall be primarily interested in studying lattice homomorphisms 
qJ: C(X, K) ~ K1. where K1 is an arbitrary chain, and particularly in the 
case when K =R, the space and lattice of real numbers. We begin by 
showing how such homomorphisms are "associated" with points of the 
topological space X and, then, show how this "association" may be used 
to prove an important theorem due to SHIROTA [9] and to shed some 
light on the (unsolved) problem of finding a representation (i.e., formula) 
for every lattice homomorphism qJ: C(X, R) ~ R. 
2. The Main Results. 
First, let us establish some notation and terminology. As has been 
indicated, let O(X, K) denote the lattice (with pointwise-operations) of 
continuous functions defined on a completely regular Hausdorff space X 
with values in the chain K. Now, iff and g are any functions in O(X, K) 
and A is any set, then f/A .;;;.gfA denotes f(x) .;;;.g(x) for every x e A n X. 
An extension of a topological space X is a (completely regular Hausdorff) 
space which contains X as a dense subspace. A compactification of X is 
any compact extension and we use the standard {JX to denote the Stone-
Cech compactification of X. 
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Let L be a sublattice of C(X, K) and X* be an extension of X. Then, 
a lattice homomorphism rp: L -+ K1 (where K1 is any chain) is associated 
with a point p eX* provided that, for any f, geL, flU <giU for some 
neighborhood U of p implies that rp(f) < rp(g). A lattice homomorphism 
rp: L-+ K 1 is constant (on L) if rp(f)=rp(g) for every f, geL. Evidently, 
we have 
2.1. Proposition. For any sublattice L <: C(X, K), any constant 
lattice homomorphism defined on L is associated with any point of any 
extension of X. 
We begin by looking at a couple of examples which show how simple 
and yet how complex chain-valued lattice homomorphisms of this kind 
can be. 
2.2. Example. Let L be any sublattice of C(X, K). If x: K-+ K 1 
(where K1 is any chain) is any nondecreasing function (not necessarily 
continuous) and x0 is any point in X, then rp: L-+ K 1 defined by rp(f)= 
= x(f(x0)) is a lattice homomorphism associated with xo. 
2.3. Example. Let X* be an extension of X, and let L be a sub-
lattice of C(X, K). Let K1 be any chain with at least two elements, say, 
k0 and k1 with k0 <k1. Now, for any f e C(X, K) and any p eX*, define 
I= {geL: giN <fiN for some neighborhood N of p} 
and 
J ={geL: fiN <giN for some neighborhood N of p}. 
Then, I is an ideal 1) in L and J is a disjoint dual ideal 1); hence, there 
is a prime ideal I) Pin L such that I <: P <: L \J. Therefore, define rp: L -+ K 1 
by rp(f) = ko, iff e P, and otherwise, rp(f) = k1; this is a lattice homomorphism. 
It is not evident that such a homomorphism need be associated with any 
point of X*, but it is known that, if X* is compact and L=C(X, R), 
where R denotes the real numbers, then a homomorphism defined in this 
manner is associated with p (and, in fact, with no other point). 
One final definition. A sublattice L of C(X, K) is significant in X* 
(an extension of X) if, for any pair of distinct points po and PI of X* 
and any pair offunctions fo and h in L, there are neighborhoods No (of Po) 
and N1 (of PI) such that h/No<foiNo and hiNI<hiNI for some function 
he L. Some immediate observations are: 
2.4. Remark. A singleton sublattice of C(X, K) 1s (trivially) sig-
nificant in any extension of X. 
1) For a lattice L, a subset I is an ideal ~ for a, beL, a v be I iff a e I and 
b e I. A subset J is a dual ideal =o for a, beL, a 1\ b e J iff a e J and b e J. A subset P 
is a prime ideal ~ P is an ideal and, for a, beL, a 1\ be P iff a e P or be P. 
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2.5. Remark. For any completely regular Hausdorff space X, 
C(X, R) is significant in any normal Hausdorff extension, and, in par-
ticular, in any compactification of X. 
We now state and provide a proof of the main result, 
2.6. Theorem. Let X* denote a compactification of X. If L is a 
sublattice of C(X, K) that is significant in X*, then every nonconstant 
lattice homomorphism cp: L --+ K 1 (where K1 is any chain) is associated 
with a unique point of X*. 2) 
Proof. For k e K1. a point p eX* is said to have property P(k) 
provided that, when f and g are inLand fiN <giN for some neighborhood 
N of p, then cp(g) < k implies that cp(f) < k. 
Let ko be an element of K1 such that cp(f')<ko<cp(g') for some functions 
f' and g' in L. (Such a ko exists since cp is not constant.) 
There is a point p eX* with the property P(k0). Otherwise, we obtain 
a finite cover {N1. N2, ... , Nn} of X* such that, for each j (1 <,j <,n), there 
are functions f1 and g1 in L such that lifN1<gJINJ, cp(g1) <,k0 and cp(f1)>k0. 
Now, let f*=/IA/21\ ... 1\fn and g*=g1vg2v ... vgn. It follows that 
cp(g*) < k0 < cp(f*) which contradicts that f* < g*. 
Now, suppose that k is any other element in K 1 . We show that p has 
the property P(k) and no other point does (which of course is the desired 
result). If cp(f) < k for every f e L or cp(f) > k for every f e L, then any point 
in X* has the property P(k). Otherwise, there are functions f", g" e L 
such that cp(f") < k < cp(g"). As before, there is a point q eX* with property 
P(k). Suppose that p of= q. If ko < k, then, since L is significant in X*, there 
is a function h e L such that hi N P < f' IN P for some neighborhood N P of p 
and g"INq<,hfNq for some neighborhood Nq of q. It follows that cp(h) < 
< ko < k, and, hence, cp(g") < k which is a contradiction. A similar argument 
applies when k<ko. We conclude that p has property P(k) for every 
keK1. 
The following example shows that "significant in X*" may not be 
omitted in Theorem 2.6. Whether this is, in fact, a necessary condition 
is not known. 
2.7. Example. Let X denote the two-point discrete topological 
space {0, 1}, and let L={(O, 0), (0, 1), (1, 1)} CO(X, R). (We denote 
f e C(X, R) with f(O) =a and /(1) =bas (a, b).) Define cp: L--+ R by cp(a, b)= 
=a+ b. Then, cp is a lattice homomorphism that is not associated with 
any point of X. 
The results with which we will be most concerned in the remainder 
of the paper envolve the case when K =R, the space of real numbers. 
From Theorem 2.6 we have immediately 
2) We are grateful to S. Mrowka for suggesting the sufficiency of significant 
sublattices. 
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2.8. Corollary. For any compactification X* of X, every lattice 
homomorphism q;: O(X, R) ~ KI, where KI is any chain, is associated 
with a point of X*. Moreover, q; is associated with a unique point of X* 
iff q; is not constant. 
In addition, we have 
2.9. Corollary. Every lattice homomorphism q;: O(X, R) ~ KI is 
associated with some point of X iff X is compact. 
Proof. That compact is a sufficient condition is obvious from the 
previous results. Conversely, suppose that X is a completely regular 
Hausdorff space that is not compact. Let p be any point that is in f3X, 
but not in X. Let IX: R ~ R be a nondecreasing continuous bounded 
function that is not constant. Then, for each f e O(X, R), IX of: X~ R 
admits a continuous extension (IX o W: f3X ~ R. Define q;: O(X, R) ~ R 
by q;(/) =(IX o j)P(p). This lattice homomorphism is associated with p, and, 
since it is not constant, it is not associated with any other point (and in 
particular, with any point of X). 
It would be interesting to know when two lattice homomorphisms 
fiJI, f/J2: L ~ KI are associated with the same point of X*, where L is a 
significant (in X*) sublattice of O(X, K). We have found the following 
sufficient, but not necessary, condition useful. 
2.10. Proposition. Let L be a sublattice of O(X, K) that is sig-
nificant in some compactification X* of X. Then lattice homomorphisms 
fiJI, f/J2: L ~ KI (where K1 is any chain) are associated with the same point 
of X* if fiJI(/)< f/JI(g) implies that q;2(/) < q;2(g) for any f, geL. 
Proof. The proof is obvious if either fiJI or q;2 is constant. Otherwise, 
f/JI(/1) < f/JI(YI) and q;2(/2) < q;2(g2) for functions /I, /2, gi, g2 e L. According to 
Theorem 2.6, fiJI and f/J2 are associated with unique points of X*, say, 
PI and p2 respectively. If PI=I=P2, then there are functions hi, k2 e L such 
that ki/NI<.h/Nl, g2/N2<.ki/N2 and k2/N2<./2/N2, YI/NI<.k2/NI, where 
NI and N2 are neighborhoods of PI and p2 respectively. Hence ,q;I(ki) < 
<q;1(k2) and f!J2(~)<q;2(ki)· 
3. An Application to a Theorem of Skirota. 
We now show that the results of the previous section may be used to 
give a simple proof of a theorem given by SHmOT.A. [9]; namely, 
Theorem (Skirota). Forrealcompact spaces X andY, the lattices O(X, R) 
and O(Y, R) are lattice isomorphic if, and only if, X and Yare homeo-
morphic. 
The proof of the "if" part of the theorem is evident so that it remains 
to show the "only if" portion. The proof will proceed by way of a sequence 
of lemmas. 
We use the following known (see [6]) characterization of realcompact: 
425 
3.1. Lemma. A space X is realcompact if, and only if, for each 
point p in {JX\X and each sequence {In} of functions in O(X, R), there 
is a function I* in O{X, R) such that, for each n, ln/Nn<f*/Nn for some 
neighborhood Nn of p. 
Now let us establish the notation that we use throughout the remainder 
of this section. Let 4>{X, R) denote the set of all lattice homomorphisms 
q;: O(X, R)-+ R; similarly, 4>(Y, R) is defined. For each x eX, let 
(/)x e 4>(X, R) be defined by q;x{f) = l(x). 
Suppose that O{X, R) and 0( Y, R) are isomorphic by way of the (lattice) 
isomorphism i: O(X, R)-+ O(Y, R). Then i induces a "natural" one-one 
onto mapping £: 4>{X, R)-+ 4>(Y, R) defined by £(q;) o i=q;. 
First, we show that "associated with a point" is preserved by £. 
3.2. Lemma. A lattice homomorphism q; e 4>(X, R) is associated 
with a point of X iff £{q;) e 4>(Y, R) is associated with a point of Y. 
Proof. Let q; e 4>(X, R) be associated with x0 eX. The result is trivial 
if q; is constant; hence, assume that q;{fo) < q;(go) for some lo, g0 e O(X, R). 
Now £(q;) is associated with a unique point p e {JY. Assume that p e fJY\Y. 
From the preceding lemma there is a function i{f*) e O(Y, R) such that, 
for each positive integer n, i(rJ)/Nn<i(f*)/Nn for some neighborhood Nn 
ofp, where rJ e O(X, R) is defined by rJ(x) =n for each x eX. Let ko= I* v g0• 
Then, for some positive integer m, ho(x0) <m so that there is a function 
he O(X, R) with h(xo) <lo(xo) and ho <.h v w-. Note that q;(h) <.q;{fo) (since 
q; is associated with xo). Hence, i(w)/Nm<i(ko)/Nm<.(i(h) vi(w.))/Nm for 
some neighborhood Nm ofp and, consequently, i(go)/Nm<.i(h)/Nm. It 
follows that £(q;)(i(go))<.£(q;)(i(h))<.£(q;)(i{fo)) which contradicts that 
q;{fo) < q;(go). Similarly, the converse is shown. 
Moreover, we have 
3.3. Lemma. Homomorphisms q;1, q;2 e 4>(X, R) are associated with 
the same point of X iff £(q;1), £(q;2) e 4>(Y, R) are associated with the same 
point of Y. 
Proof. It suffices to show that, if q; is associated with x eX, then 
£(q;) and £(q;x) are associated with the same point of Y. We make use of 
Proposition 2.10. For any functions i{f), i(g) e O(Y, R), if £(q;x)(i{f))< 
<£(q;x)(i(g)), then l(x)<g(x). Since q; is associated with x, q;{f)<.q;(g) and, 
consequently, £(q;)(i{f)) <. £(q;)(i(g)). 
We are now prepared to construct the homeomorphism h: X-+ Y. For 
each x eX, i(q;x) is associated with a unique point of Y; denote that point 
of Y by h(x). Since every homomorphism in 4>(Y, R) has the form t(q;) 
for some q; e 4>(X, R), it is clear from Lemmas 3.2 and 3.3 that h is a 
one-one function from X onto Y. That his, in fact, a homeomorphism 
follows from 
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3.4. Lemma. LetS be a subset of X. A point x s S (the closure of 
Sin X) if, and only if, there is a nonconstant homomorphism q;o e tP(X, R) 
associated with x such that, for any I, g e O(X, R), when q;o(/)<q;o(g), 
then there is s e S such that q;(f) < q;(g) for every q; e tP(X, R) that is as-
sociated with s. 
Proof. If xsS, then q;x(f)<q;x(g) implies that q;8(f)<q;8(g) for some 
s e S. From Proposition 2.10, if q; is associated with s, then q;(f) <q;(g). 
Conversely, suppose that xis not inS and that q; e tP(X, R) is a nonconstant 
homomorphism associated with x. There are functions lo, go e O(X, R) such 
that q;(/o) < q;(g0) and, in addition, functions I, g e O(X, R) such that 
l(x) <lo(x) and l(s) = 1, if 8 e S, while go(x) <g(x) and g(8) = 0, if 8 e S. It 
follows that q;(f) < q;(g), but q;8(/) > q;8(g) for each 8 e S. 
This completes the proof of Shirota's Theorem. 
4. The Representation Problem. 
The problem of finding a representation (or formula) for every lattice 
homomorphism q;: O(X, R)--+ R has been discussed in [7]. We look briefly 
at this problem for the case that X is realcompact. 
A preliminary result is 
4.1. Theorem. If X is realcompact and q;: O(X, R)--+ Kt, where Kt 
is any separable chain, is a lattice homomorphism such that sup q;[O(X, R)] 
is not in q;[O(X, R)], then q; is associated with a unique point of X. 
Proof. Let q; be such a homomorphism. Then, q; is associated with 
a unique point of {JX. We assert that this point (which we will denote asp) 
is in X. Otherwise, if {In} is a sequence in O(X, R) whose sequence of 
images {q;(fn)} in Kt approaches sup q;[O(X, R)] (whether this exists in 
K1 or not), then there is according to Lemma 3.1 a function I* e O(X, R) 
such that, for each n, ln/Nn<f*/Nn for some neighborhood Nn of p. 
Since q; is associated with p, q;(fn)<q;(f*) for each n which is impossible. 
An immediate consequence is 
4.2. Corollary. If X is realcompact and q;: O(X, R)--+ R is a lattice 
homomorphism that is an onto mapping, then q; is associated with a 
unique point of X. 
A lattice homomorphism q;: O(X, R)--+ K1 is continuous provided that, 
when a sequence of functions {In} in O(X, R) converges uniformly to I 
in the usual sense for real-valued functions, then the sequence {q;(/n)} 
converges to q;(f) (where K1 is a chain with the order topology). We then 
have 
4.3. Theorem. A completely regular Hausdorff space X is real-
compact if, and only if, every continuous lattice homomorphism q;: 
O(X, R)--+ R that is an onto mapping can be written in the form 
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q;(f)=rx(f(p)) for every I e G(X, R), where p is some point in X and rx: 
R -+ R is a nondecreasing function. 
Proof. Suppose that X is realcompact and that q;: O(X, R)-+ R is a 
continuous onto lattice homomorphism. From the preceding corollary q; 
is associated with a unique point p eX. Define rx: R-+ R by rx(r)=q;(r), 
where r e G(X, R) is defined by r(x)=r for every x eX. Now, suppose 
that I is any function in O(X, R) and assume that f(p)=r. Let 
fn=(r+lfn A f) vr-lfn for each positive integer n. Then, fn{Nn=f/Nn 
for some neighborhood N n of p so that q;(/n) = q;(f) for each n. Since the 
sequence {fn} converges uniformly tor and q; is continuous, we conclude 
that q;(f)=rx(f(p)). 
Conversely, suppose that X is not realcompact. Then there is a .point p 
that is in vX, the (Hewitt) realcompactification of X, but thatis not in X. 
Define q;: O(X, R)-+ R by q;(f) = f*(p) for eve:cy f e G(X, R), where I* is 
the continuous extension of I over vX. Obviously q; is associated with p; 
however, q; can not be associated with a point of X since q; is not constant 
(see Corollary 2.8). 
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